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Abstract: In this paper we revisit the topic of Hawking radiation as tunneling. We show
that the imaginary part of the action of the tunneling particle should be reconstructed in a
covariant way, as a line integral along the classical forbidden trajectory of tunneling parti-
cles. As the quantum tunneling phenomenon, the probability of tunneling is related to the
imaginary part of the action for the classical forbidden trajectory. We do the calculations
for massless and massive particles, in Schwarzschild coordinate and Painleve´ coordinate.
The construction of particle action is invariant under coordinate transformations, so this
method of calculation black hole tunneling does not have the so called “factor 2 problem”.
As an application, we find that the temperature of Hawking temperature of apparent hori-
zon in a FRW universe is T = κ2pi . Based on this result, we briefly discuss the unified first
law of apparent horizon in FRW universe.
Keywords: Black Holes, Classical Theories of Gravity, Cosmology of Theories beyond
the SM.
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1. Introduction
Since Hawking discovered the remarkable fact of black hole radiation[1] in 1975, much work
have done to calculate and understand this quantum effect[2]. In [3, 4], Kraus and Wilczek
introduced a semiclassical treatment of Hawking radiation, by interpreting the exponent
of the classical action as the modes of the system. Subsequently, in [5] Hawking radiation
was interpreted as a tunneling phenomenon. This interpretation has been extensively
studied[6, 7, 8, 9, 10, 11, 12, 13, 14], and applied on various models of black holes[15, 16,
17, 18, 19]. There are two methods to calculate the imaginary part of the action: one
is Parikh-Wilczek’s radial null geodesic method[5], and the other is the Hamilton-Jacobi
method[20, 21, 22, 23]. Based on the Hamilton-Jacobi method, Banerjee and Majhi[24]
developed the tunneling method beyond semiclassical approximation to include quantum
corrections. This method has been applied to calculate quantum corrections to black hole
entropy[25, 26, 27, 28, 29, 30]. At first the tunneling amplitude calculated by the Hamilton-
Jacobi method differed by a factor of 2 with the standard Hawking temperature, which
is the so called “factor of 2 problem”[6, 8]. Later on, it is pointed out in [31, 32, 9] that
by adding the temporal contribution to the imaginary part of the action, one can resolve
this problem. On the other hand, [7] proposed a method to obtain the standard result,
by introducing an integration constant into the action, setting the incoming probability
to unity, and taking the ratio of the outgoing and incoming probabilities. In this paper,
we revisit the Hamilton-Jacobi method of calculating black hole tunneling. Inspired by
the calculation in [33], we construct the imaginary part of the action of the tunneling
particle in an invariant way, as an integration along the classical forbidden trajectory of
the particle. By interpreting Hawking radiation as a quantum tunneling phenomenon, the
tunneling probability is related to the imaginary part of the action of the classical forbidden
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trajectory[34]. Once again the tunneling probability is related to the Boltzmann factor
for the emission at the Hawking temperature. We perform the calculation of black hole
tunneling in Schwarzschild coordinate for massless and massive particle, and in Painleve´
coordinate. Since the action is constructed invariantly, this calculation does not have the
“factor of 2 ” problem, and the temporal contribution has been intrinsically included. The
result shows that Hawking radiation can indeed be viewed as a tunneling phenomenon.
In [35], by assuming a temperature T = 12piRH and the entropy S =
A
4 , where RH
and A are the radius and area of the apparent horizon, one can introduce the first law
of thermodynamics associated with the apparent horizon, and show that the Friedmann
equation which describes the dynamics of the FRW universe can be derived from it. There
is also another proposal of the unified first law[36] of the FRW model, which assigns the
temperature T = κ2pi . The tunneling method provides a way to calculate the Hawking
temperature associated with the apparent horizon in the FRW universe. The original use
of tunneling method on FRW universe gave the result T = 12piRH in [37, 38]. However,
in their calculation, the action of tunneling particle was not constructed in the invariant
way. Later on, Hayward[33] used the invariant Hamilton-Jacobi tunneling method on
dynamical black holes, FRW model with k = 0, gave the result T = κ2pi , and discussed
the unified first law. In dynamical black hole models, the Hawking temperature of black
hole radiation should be proportional to surface gravity on the horizon[39, 40]. The metric
of FRW universe model can be viewed as a example case of dynamical black holes. A
direct thought is that their temperatures and unified first laws should coincide. In this
paper, based on the invariant Hamilton-Jacobi method of black hole tunneling, we shall
calculate the Hawking temperature for the FRW universe with general k. We get the result
T = κ2pi , and show that by demanding the Friedmann equation to satisfy, the first law of
thermodynamics of the apparent horizon in FRW universe coincides with the unified first
law of dynamical black holes discussed in [39]. Another calculation of the temperature for
FRW model, see[41].
The paper is organized as follows. In Section 2, we revisit Hamilton-Jacobi method
of black hole tunneling. We show that the imaginary part of the action of tunneling
particles can be construction in an invariant way, as a line integral along the classical
forbidden trajectory. To illustrate the method, we perform the calculation in Schwarzschild
coordinate for massless and massive particle, and in Painleve´ coordinate. In Section 3, we
calculate the temperature associated with the apparent horizon in FRW universe, obtain
the result T = κ2pi , and then we discuss the first law based on this temperature. Section 4
is for discussions.
2. The invariant Hamilton-Jacobi tunneling method for black holes
In the tunneling interpretation of Hawking radiation, the probability of radiation is related
to the imaginary part of the tunneling particle via
Γ ∼ e−2ImI , (2.1)
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which is in turn related to the Boltzmann factor for the emission at the Hawking temper-
ature
Γ ∼ e−
ω
TH . (2.2)
The semiclassical wave function of the particle is written as
φ = e−
i
~
I . (2.3)
The wave function satisfies the corresponding wave equation: Klein-Gorden equation for
scalar particles, Dirac equation for spin-1/2 particles, etc.
The action is reconstructed in an invariant way[33, 42], as a line integral along the
classical forbidden trajectory γ of the tunneling particle
I =
ˆ
γ
∂iI dx
i . (2.4)
Now we take the scalar particle as the example to calculate the black hole tunneling
probability.
2.1 Schwarzschild coordinate
The static spherical symmetric metric is written as
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2 . (2.5)
This metric can describe a black hole whose horizon is r0, with f(r0) = 0.
The wave equation (2.3) for scalar particle satisfies Klein-Gorden equation
− ~
2
√−g∂µ
(
gµν
√−g∂ν
)
φ = 0 . (2.6)
The leading order in ~ gives the Hamilton-Jacobi equation
gµν∂µI∂νI = 0 . (2.7)
For radial trajectory only the (t, r) sector of the metric (2.5) is relevant,
−f(r)2 (∂rI)2 + (∂tI)2 = 0 , (2.8)
i.e.
∂rI =
1
f(r)
∂tI . (2.9)
For outgoing modes we should take the + sign. On the other hand, the timelike Killing
vector is K = ∂∂t , the energy of particle is
ω = Ki∂iI = ∂tI . (2.10)
The trajectory of massless particle in metric (2.5) is the null geodesics, described by
ds2 = 0
−f(r)dt2 + 1
f(r)
dr2 = 0 , (2.11)
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i.e.
dt =
1
f(r)
dr . (2.12)
Here we have chosen the + sign, i.e., the outgoing mode, which is the classical forbidden
one (Classically particles are not allowed to fall out of the black hole horizon). The curve
of trajectory can be parametrized by the variable r as ~γ(r) = (t(r), r), where t(r) is
determined by (2.12). Now the action is reconstructed as a line integral along γ
I =
ˆ
γ
dxi∂iI
=
ˆ
γ
(∂tI dt+ ∂rI dr)
=
ˆ (
(∂tI, ∂rI) · d
dr
~γ(r)
)
dr
=
ˆ (
ω
1
f(r)
dr +
1
f(r)
ωdr
)
=
ˆ (
2ω
f(r)
)
dr . (2.13)
The third line is the definition of line integral. To get the fourth line, one can start from
the second line, replace dt with the trajectory equation (2.12) of the particle, replace ∂tI,
∂rI with the energy of the tunneling particle ω by Eqs.(2.9) and (2.10), and finally remove
the γ below the the symbol of integral. This integral is performed along the outgoing
trajectory, i.e., from inside the horizon rin to outside the horizon rout. It has a pole at the
horizon r0, where f(r) = f(r0) (r − r0) + O (r − r0). The other part of the integration is
regular, so the imaginary part of the action is
ImI =
2πω
f ′(r0)
. (2.14)
The emission rate of the radiation is associated with the imaginary part of the action,
and it is also related with the temperature
Γ ∼ e−2 ImI~ ∼ e−
ω
TH . (2.15)
So, we obtain the temperature
TH =
f ′(r0)~
4π
. (2.16)
On the other hand, the surface gravity on the horizon r0 of metric (2.5) is
κ2H =
gµν∂µ
(
K2
)
∂ν
(
K2
)
4K2
∣∣∣∣
r=r0
=
grr∂r(−f)∂r(−f)
−4f
∣∣∣∣
r=r0
= −(f
′(r0))
2
4
, (2.17)
κH =
√
−κ2H =
f ′(r0)
2
. (2.18)
Now the temperature can be written as
TH =
~
2π
κH . (2.19)
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This is the standard Hawking temperature.
In order to illustrate the tunneling method mentioned above, especially the invariant
construction of the action of tunneling particle. We next perform the calculation for a
massive scalar particle. Its wave function (2.3) satisfies the Klein-Gorden equation
gµν∂µI∂νI +m
2 = 0 , (2.20)
i.e.
− 1
f(r)
(∂tI)
2 + f(r) (∂rI)
2 +m2 = 0 . (2.21)
One should take the outgoing mode (+ sign)
∂rI =
1
f(r)
√
−m2f(r) + (∂tI)2 . (2.22)
The energy of the particle is also Eq.(2.10). The trajectory of the massive particle is
the geodesics in the metric (2.5) . To simplify, the equation of geodesic motion can be
derived by the following Lagrangian[43]
L =
1
2
gµν x˙
µx˙ν
where x˙ means dxdτ . The Euler-Lagrange equation
∂L
∂xµ − ddτ
(
∂L
∂x˙µ
)
= 0 for t is
d
dτ
(
f(r)t˙
)
= 0 ⇒ f(r)t˙ = E ,
where E is a constant. The constant of the motion L = −12 gives
r˙ =
√
E2 − f(r) , (2.23)
where we have taken the + sign to get the outgoing trajectory. Then we obtain the curve
dt =
E
f(r)
√
E2 − f(r)dr . (2.24)
Now the action is reconstructed as
I =
ˆ
γ
(∂tI dt+ ∂rI dr)
=
ˆ (
ω
E
f(r)
√
E2 − f(r)dr +
1
f(r)
√
−m2f(r) + ω2dr
)
=
ˆ Eω√
E2−f(r)
+
√
ω2 −m2f(r)
f(r)
dr . (2.25)
r = r0 with f(r0) = 0 is a pole of the above integration, the imaginary part of the action
is obtained by π times the residue of the integrand
ImI =
2πω
f ′(r0)
. (2.26)
Once again the Hawking temperature is the standard result
TH =
f ′(r0)~
4π
=
~
2π
κH . (2.27)
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2.2 Painleve´ coordinate
The metric (2.5) has a coordinate singularity at the horizon r = r0, which can be removed
by transforming it to Painleve´ coordinate. The coordinate transformation dt → dt −√
1−f(r)
f(r) dr gives
ds2 = −f(r)dt2 + 2
√
1− f(r)dt dr + dr2 + r2dΩ2 . (2.28)
The massless particle moves along the radially null geodesic described by ds2 = 0. The
outgoing trajectory is
dr =
1 +
√
1− f(r)
f(r)
dr . (2.29)
The Hamilton-Jacobi equation (2.7) in this background is
− (∂tI)2 + 2
√
1− f(r)∂tI ∂rI + f(r) (∂rI)2 = 0 . (2.30)
One should choose the outgoing mode
∂rI =
1−
√
1− f(r)
f(r)
∂tI . (2.31)
The energy of the particle is still ω = ∂tI, as in (2.10).
The action of the particle is reconstructed as
I =
ˆ
γ
(∂tI dt+ ∂rI dr)
=
ˆ (
ω
1 +
√
1− f(r)
f(r)
dr + ω
1−
√
1− f(r)
f(r)
dr
)
=
ˆ (
2ω
f(r)
)
dr . (2.32)
The same result as the massless particle in the Schwarzschild coordinate. This is a natural
result of the invariant construction of the particle action.
2.3 Discussion and comments on the factor 2 problem
In the original calculation of black hole tunneling [5], the action of particle ImI is con-
structed as Im
´
pdr in the Painleve´ coordinate, and Γ ∼ e−2Im
´
pdr. It is pointed out in
[6] that the quantity Γ ∼ e−2Im
´
pdr is not canonically invariant, and the answer would
be different in different canonical frame. He proposed that one should use the canonically
invariant formula Γ ∼ e−Im
¸
pdr. However, using this canonically invariant formula in
Schwarzschild coordinate, the Hawking temperature obtained is twice as the original one
[44]. This is the so called “factor of 2 problem”[8]. Later on, this problem was resolved by
adding the temporal contribution to the action[31, 32, 9, 45]. The calculation in Painleve´
coordinate is correct using Γ ∼ e−2Im
´
pdr, as presented in [9]. Other solutions of this
problem is to introduce an integration constant into the action[7, 46], or consider the ther-
mal balance and take the tunneling rate as the ratio between the emission and absorption
probabilities[47].
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In our paper, we construct the action as (2.4), inspired by the calculation in [33].
As mentioned above, the action is a scalar quantity and should be canonically invariant.
Eq.(2.4) is invariant, and gives the correct temperature. In fact, temporal contribution has
intrinsically been included in this construction of action. Additionally, we illustrate that
the integration in (2.4) is in fact a line integral, and should be performed along the classical
forbidden trajectory (here it is the trajectory from inside to outside of black hole horizon)
of the test particle. This coincides with the philosophy of quantum tunneling[34], which
tells that the propagating rate of quantum tunneling is related to the imaginary part of
the action along classical forbidden trajectory.
3. Hawking radiation of apparent horizon in a FRW universe and unified
first law
The tunneling method can also be applied to analyze the radiation of dynamical black
holes[40, 33, 42] and FRW universe model[37, 38]. The calculation of Hawking radiation
of the apparent horizon in FRW method using scalar particles tunneling[37] and fermions
tunneling[38] gives the temperature T = 12piRH . However, the action of the tunneling
particles through the apparent horizon are not constructed in the invariant way. Later
on, Hayward[40] calculated the temperature of dynamical black holes, and gave the result
T = κ2pi . The temperature of dynamical black hole and FRW universe with k = 0 were also
calculated by the invariant Hamilton-Jacobi method [33]. Using the Hawking temperature,
on can discuss the first law of thermodynamics associated with the apparent horizon of
dynamical black holes and FRW model. In fact, the FRW metric can be viewed as a
certain kind of dynamic black hole. In this section we shall apply the tunneling method
illustrated in the above section to the FRW model with general k, obtain its temperature,
and discuss the first law on its apparent horizon.
The homogeneous and isotropic universe model is described by the (3+1) dimensional
FRW metric
ds2 = −dt2 + a(t)
2
1− kr2 dr
2 + a(t)2r2dΩ2 , (3.1)
where the spatial curvature constant k = +1, 0 and −1, corresponding to a closed, flat and
open universe, respectively. Defining R = a(t)r, H(t) = a˙a and RA(t) :=
1√
H2+ k
a(t)2
. , the
metric (3.1) can be rewritten as
ds2 = −
1− R2
R2
A
1− kR2
a2
dt2 − 2HR
1− kR2
a2
dt dR +
1
1− kR2
a2
dR2 +R2dΩ2 . (3.2)
Denote the (t, R) sector of the above metric by ds2 = γijdx
idxj , (i, j = {0, 1}). Now we
can calculate the quantities mentioned in [33].
The dynamical apparent horizons H is a marginally trapped surface with vanishing
expansion, determined by
χ(x)
∣∣∣∣
H
= γij∂iR∂jR
∣∣∣∣
H
= 0 (3.3)
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i.e.
RH ==
1√
H2 + k
a(t)2
= RA(t) . (3.4)
The Misner-Sharp mass, on the horizon, is
mH =
1
2
R(1− χ)
∣∣∣∣
H
=
RH
2
. (3.5)
In spherical symmetric case, it is possible to introduce the Kodama vector field
Ki =
1√−γ ε
ij∂jR , K
θ = 0 = Kϕ , (3.6)
where ǫij =
1√
1−kR2/a2
(dt)i∧(dR)j . HereKi =
(√
1− k R2a(t)2 , 0
)
. The Kodama vector gives
a preferred flow of time and is a dynamic analogue of a stationary Killing vector. By using
the Kodama vector, the Misner-Sharp mass can be defined as a conserved quantity[48].
The Kodama vector is timelike, null and spacelike as R < RH , R = RH and R > RH . One
can also introduce a dynamical surface gravity[39, 40, 33] κ defined by
κ =
1
2
γR , (3.7)
and satisfies similar Killing identity on the horizon
Ka∇[bKa] ∼= ±κKb . (3.8)
The surface gravity associated with the apparent horizon is
κH =
1
2
√−γ ∂i
(√−γγij∂jR(x))
∣∣∣∣
H
= −
R
(
k + a2
(
2H2 + H˙
))
2a2
∣∣∣∣
H
= −R
2
(
k
a2
+ 2H2 + H˙
) ∣∣∣∣
H
= −RH
2
(
H˙ + 2H2 +
k
a2
)
= −
a2
(
2H2 + H˙
)
+ k
2
√
a2H2 + k
. (3.9)
In [35, 36, 49], by assuming a temperature to the apparent horizon, one can discuss the
first law of thermodynamics in the FRW universe. Later on, [37, 38] proposed that one can
derive the temperature of the apparent horizon using the tunneling method. The energy
of particle tunneling through the apparent horizon is defined using the Kodama vector
ω = −Ki∂iI = −
√
1− kR
2
a2
∂tI . (3.10)
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For a massless particle, the Hamilton-Jacobi equation (2.7) is
−(∂tI)2 − 2RH(∂RI)(∂tI) +
(
1− kR
2
a2
−R2H2
)
(∂RI)
2 = 0 . (3.11)
For the outgoing mode we take the plus sign
∂tI =
(√
1− kR
2
a2
−RH
)
(∂RI) . (3.12)
The trajectory for the massless particle is the radial null geodesics, determined by
0 = ds2 = −
1− R2
R2A
1− kR2
a2
dt2 − 2HR
1− kR2
a2
dt dR +
1
1− kR2
a2
dR2 . (3.13)
For the outgoing particle, the curve is
dR =
(√
1− kR
2
a2
+RH
)
dt . (3.14)
The curve can be parametrized by the variable R as ~γ(R) = (t(R), R), where the function
t(R) is determined by (3.14).
The action of the particle tunneling through the horizon can be reconstructed as a line
integral along the incoming trajectory
I =
ˆ
γ
dxi∂iI =
ˆ
γ
(dt∂tI + dR∂RI) . (3.15)
Combining Eqs. (3.10)(3.12)(3.14), the action can be calculated as
I =
ˆ − ω√
1− kR2
a2
1√
1− kR2
a2
+RH
− ω√
1− kR2
a2
1√
1− kR2
a2
−RH

 dR
= −
ˆ (
2ω
1−H2R2 − kR2
a2
)
dR (3.16)
Note that we should express the above integrand as a function of R, say, H(t(R)) and
a(t(R)), where the function t(R) is is determined by (3.14). This integral has a pole at the
horizon R = RH , where
1−H2R2−kR
2
a2
=
(
1− kR
2
H
a2
−R2HH2
)
+

−a2
(
2H2 + H˙
)
+ k
√
a2H2 + k

 (R−RH)+O(R−RH) .
The first term on the right hand side equals zero, due to the definition of the horizon (3.4),
and the coefficient of the second term gives −2 |κH |. The imaginary part of the action is
then
ImI =
πω
|κH | . (3.17)
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Again, the emission rate of the radiation is associated with the imaginary part of the
action, and it is also related with the temperature
Γ ∼ e−2 ImI~ ∼ e−
ω
TH .
So, we obtain the temperature for Hawking radiation of the apparent horizon in FRW
universe
TH =
|κH |
2π
. (3.18)
Using the expression (3.18) of the temperature, we can discuss the first law of thermo-
dynamics associated with the apparent horizon. According to [39, 36], the unified first law
is written as
dmH = THdS +WdVH , (3.19)
where S = AH4 , a quarter of the horizon area, and WdV is the work term.
In the FRW universe, the energy-momentum tensor has the form of perfect fluid
Tab = (ρ+ p)UaUb + pgab , (3.20)
where Ua denotes the four-velocity of the fluid, ρ, p are the energy density and pressure,
respectively. In the FRW metric (3.1), the components of Tab are
T00 = ρ, Tij = pgij . (3.21)
Write them out explicitly, in the (t, r) sector
T
(2)
ab =
(
ρ,
p a2
1− kr2
)
, T (2) ba = diag (−ρ, p) . (3.22)
The work term is given by
W = −traceT (2) = 1
2
(ρ− p) . (3.23)
Substitute the expressions
mH =
RH
2
, AH = 4πR
2
H
VH =
4
3
πR2H , κH = −
RH
2
(
H˙ + 2H2 +
k
a2
)
and the temperature TH =
|κH |
2pi , comparing the coefficients of dRH on both sides, and
demanding that the Friedmann equations
H2 +
k
a2
=
8π
3
ρ (3.24)
H˙ − k
a2
= −4π(ρ+ p) (3.25)
one can check that the unified first law (3.19) in deed holds.
Thus, we have obtained the Hawking temperature of the apparent horizon in the FRW
universe, and check that this temperature can indeed be consistent with a kind of unified
first law of thermodynamics. This is the application of the tunneling method discussed in
the previous section in the FRW universe model.
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4. Discussions
In this article, we revisited the topic of interpreting Hawking radiation of black holes as
an effect of quantum tunneling. We discuss the Hamilton-Jacobi method of black hole
tunneling. The main viewpoint of this article is that the action should be constructed as
a line integral along the classically forbidden trajectory of the tunneling particle. This
invariant construction is mostly inspired by the discussion in [33]. As an example, we
illustrate the calculation for massless particles in Schwarzschild coordinate. Additionally,
in order to support this method, we perform the calculation for a massive particle, and for
a massless particle in Painleve´ coordinate. These calculations all give the result of standard
Hawking temperature. Since the propagating rate of quantum tunneling is related to the
imaginary part of the action along classical forbidden trajectory, the results here support
the interpretation of Hawking radiation as a quantum tunneling phenomenon. On the
other hand, since the construction of the action is invariant, there is not the “factor of 2
problem” here.
The thermodynamics of the FRWmodel has been extensively discussed. As an applica-
tion, we calculate this temperature using the Hamilton-Jacobi tunneling method discussed
in this article. We obtain the result T = |κH |2pi , and show that the unified first law based
on this expression of temperature can be consistent with the Friedmann equations which
describe the dynamical properties of the FRW model. This result is different with the tem-
perature T = 12RH in[37, 38]. In fact, in their calculation the actions of tunneling particles
are not constructed in an invariant way. Maybe the result T = 12RH can be viewed as a
certain kind of approximation on the apparent horizon. Another point is that in [37, 38]
they chose the in coming mode for the tunneling particles, while in [33] and our article the
choice is the outgoing mode. This point still needs further investigation.
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